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Introduction
The increase in the patients' appointment lead-time (Figure 1 ) at the outpatient clinics of hospitals has been a crucial concern of the Ministry of Health (MOH) [14] ). After the first visit, a patient typically continues to return to the clinic at regular intervals as part of a treatment plan to assure continuity of care [24] . We comment here on three approaches to the appointment scheduling problem: queuing theory [1, 4, 10, 17, 19] , simulation [6, 9, 13, 15, 23, 25] , and heuristic search [5, 12, 18, 26] [10, 17] , punctuality of doctors [17] , punctuality of patients [10] , length of appointment interval [1, 10] , and the number of patients per session [1] .
Fig. 1 Appointment lead-time definition This research is based on the study of an outpatient clinic at Tan Tock Seng Hospital (TTSH) in Singapore. A new patient, termed as a first-visit (FV) patient, calls a contact center to book an appointment. Then, the patient has to wait until his/her appointment-date (a reminder of the appointment is sent, for reducing the rate of no-show

After the first visit, the patient then becomes a re-visit (RV) patient. There is a restricted range for the appointment lead-time for the next visit by a RV patient. In addition, the patient may need to return as a RV patient several times, depending on treatment protocol. This re-entry system (Figure 2) challenges the service providers in planning their capacity for future demand, because any new arrival (or any FV patient) leads to a number of additional RV arrivals.
Currently the clinic plans capacity by allocating the available physician time into blocks dedicated to see FV patients and blocks dedicated to see RV patients. These allocations are based largely on the preferences of each physician. The appointment booking for FV patients is usually on a first-come-first-served basis, where the patient is offered the earliest block with available capacity. Appointments of RV patients are scheduled by the physicians and depend on
Bailey [1] , Brahimi and Worthington [4] , Hassin and Mendel [10] , and Liu and Liu [17] consider a deterministic appointment interval [1, 4, 10, 17] while Pegden and Rosenshine [19] try to determine the optimal appointment interval. In addition, these papers make various assumptions on service time distribution: stochastic service systems are investigated with an exponential distribution [10, 19] , a general distribution [4, 17] , and a Pearson Type III curve [1] .
Secondly, simulation has been used for the appointment scheduling problem to determine the bottle-neck station [6, 9, 25] , and to schedule physicians to achieve a given service performance [13, 15, 23] . The first set of papers explored the effect of patient flow and that of the appointment schedule on the stations' performance in clinics. Harper and Gamlin [9] , and Wijewickrama and Takakuwa [25] considered different priorities of appointment schedule amongst categories of patients, while Cote [6] gave the same priority to all patients. Cote [6] measured utilization, queue length, probability of full occupied stations, and patient flow time.
Harper and Gamlin [9] [12, 18, 26] , general service time distribution [5] , single no-show probability [12] , different no-show probabilities [5, 18, 26] , multi-modularity [12, 26] and unimodal objective [5, 18] . Kaandorp and Koole [12] derived a local search in which a local optimal schedule converges to the global optimal. Zeng et al. [26] proposed a local search to find a local optimal schedule for heterogeneous patients. Muthuraman and Lawley [18] provided proofs of necessary and sufficient conditions for their scheduling policy. Chakraborty et al. [5] developed a sequential scheduling policy which is able to provide an appointment to patients before call is ended. Zeng et al. [26] , Muthuraman and Lawlay [18] , and Chakraborty et al. [5] addressed the objective of profit maximization involving a trade-off between patient revenue, and cost associated with patients' waiting time and physicians' over-time. Kaandorp [20, 22] [20] , and later expanded the study to two time periods [22] .
The re-design capacity problem was studied in the 1980s by Ittig [11] . The study determined the capacity level to maximize profit. The profit is a function of patient revenue, additional capacity, and patient cost. Capacity level continued to be investigated by Bowers et al. [3] , and Qu and Shi [21] . These articles derived functions to determine required capacity. Bowers et al. [3] 
Model Development
We introduce a network flow model ( Figure 3) The designed capacity needs to be sufficient for both FV and RV patients, who are already in the system at the start.
3
The model considers a single type of FV patients and a single type of RV patients in terms of consultation times, appointment lead-times, and discharge rates.
4
Physicians are identical in terms of consultation times 5 A patient's appointment can be scheduled in the same time-unit as the patient's request.
6
There is no uncertainty in the rate at which patients arrive for their appointment requests.
7 Patients continue to be RV patients until they are discharged from the system.
8
An FV patient is a patient who calls to request an initial appointment. After the first appointment the FV patient might be discharged; if not, the FV patient becomes a RV patient and requests a re-visit appointment.
9
The model does not consider discharges after the arrival horizon.
10
There are no new requests after the arrival horizon.
11
There are constant discharge rates α, β for FV and RV patients respectively.
We 
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Decision variables z ij
Number of FV patients who make a request in the i th time-unit and have their appointment scheduled in the j th time-unit.
x ij
The number of FV patients who request in the i th time-unit and have appointment in the j th time-unit, and still remain in the system as RV patients after their appointment in the j th time-unit.
y ij
The number of patients who have an appointment in the i th time-unit and have their next appointment in the j th time-unit, and still remain as RV patients after the j th time-unit.
݀
The number of FV patients who make a request in the i th time-unit, and are discharged after their first appointment. The number of pre-scheduled FV and RV patients with appointments in time-unit j, who still remain as RV patients after their appointments. 
‫ܖܑۻ‬ ‫ݍ‬ ሺ1ሻ
Subject to:
The objective (1) (12) and (13) 
minimizes the maximum required capacity, per time-unit, to achieve the appointment lead-time targets. The maximum required capacity for the clinic is shown in constraint (2). The above objective leads to the optimal allocated capacity between FV and RV patients as well, in each time-unit. The conservation flow at FV-nodes is represented in constraints (3), (4), and (5). Constraint (3) schedules an appointment for each request. Constraint (4) determines the RV patients who remain after the first visit. The number of FV patients who are discharged after their first visit is specified in constraint (5). The conservation of flow at RV-nodes is modeled in constraints (6) and (7). The first bracket of constraint (6) is the total number of pre-assigned FV and RV patients plus the total number of FV patients, plus the total number of RV patients, all with appointments in time-unit j. The second bracket of constraint (6) is the number of RV patients discharged after their visit in time-unit j plus the number of RV patients remaining with a subsequent appointment (the flows that go out from the same time-unit j). Constraint (7) specifies the number of patients discharged after their visit in time-unit j. Constraints (8) and (9) assure that no RV patients will have appointment lead-times falling outside the restricted range [a, b]. We accomplish this by defining y ij to be zero if the time interval between i and j falls outside the restricted range. Constraint (10) prohibits RV patients' appointments to be made after last date of the model horizon T. Constraint (11) specifies the number of RV patients discharged after their visit in time-unit i. Constraints
lead-time is represented in constraint (15). The required capacities of FV and RV patients in time-unit j are determined in constraints (16) and (17), respectively. The total required capacity in time-unit j is presented in constraint (18). The required capacity for either FV or RV patients includes the required capacity of pre-assigned patients and that of the new arrivals. Constraint (19) requires non-negative variables. Finally, constraint (20) requires the integer assignment of FV patients.
Numerical experiments
In currently not restricted. Hence, the optimization model, as formulated, would tend to set the appointment lead-time for RV patients to be unrealistically long. To correct for this, we set the range for the RV appointment lead-times based on expert judgment; we also imposed a constraint on the mean RV appointment lead-time. The detailed inputs are listed in Table 3 . 
Experimental results
Given the inputs described in section 4.1, we report the results in Figures 4, 5 and 6. These figures illustrate the comparison between historical and model's performances in terms of the cumulative required capacity, the maximum required capacity per week, and the mean required capacity per week, respectively. The actual cumulative capacity (Figure 4) for FV patients was always less than what should have been provided according to the model. However, in terms of RV patients, the actual cumulative capacity was above what is obtained from the model. The implication of the result is that the hospital could achieve the lead-time targets by providing more capacity to FV patients and less capacity to RV patients, while maintaining the same total capacity. In other words, the proposed model provides the most efficient and effective planned capacity by systematically pushing and pulling the RV and FV patients' appointments so that the clinic can achieve the FV's appointment lead-time targets with the least maximum required capacity.
Fig. 4 The cumulative capacity of actual vs. model
As further look at the results we compare the mean required capacity, the maximum required capacity, and mean appointment lead-time of the proposed model and the actual plan. Figure 5 shows that for the FV patients the mean number of the required slots (135 slots per week) from the model is slightly more than that of the actual provided slots (132 slots per week). However, for the RV patients the mean number of the required slots (352 slots per week) from the model is much less than that provided (394 slots per week) from the actual plan. The mean total number of the required slots from the model (487 slots per week) is less than that of the provided slots from the actual plan (525 slots per week) for both FV and RV patients. In general,
we can achieve the appointment lead-time targets without requiring the additional capacity. Furthermore, Figure 6 shows that the maximum required capacity obtained from the model is only 680 slots per week (14.5 
full-time equivalent doctors) for both FV and RV patients. This is less than values extracted from the actual plan, 751 slots per week (17.8 full-time equivalent doctors). This is evidence of the potential efficacy of the model for capacity planning.
Since physicians are a scarce resource, the reduction in required resources is significant.
We investigate the drivers for this improvement with a detailed study on the maximum required capacity for each FV or RV patient type. The results (Figure 6) illustrate that the maximum required capacities for each FV and RV patient type from the proposed model are actually 2 and 1.3 times, respectively, as much as those from the actual plan. This suggests that reasonable assignments or allocations of these resources might vary from week to week to accommodate the appointment schedules and to achieve the appointment targets. The suggested model can help to do this, by proactively adjusting the appointments allocations for RV and FV patients to minimize the maximum required number of physicians.
Finally, we observe that the model produces shorter appointment lead-times for the newly arriving patients while still being able to maintain the continuity of treatments for RV patients. The FV's mean appointment lead-time from the model is 4.2 weeks. This is 35% lower than the FV's mean appointment lead-time of the actual plan (6.4 weeks). A consequence is that the appointment lead-times for the RV's patients are increased. The mean lead-times of RV patients from the model and the actual plan are 23 and 16 weeks respectively. However, this increase in lead-time does not violate the time constraints between treatments, and the continuity of care is maintained.
From the above results, we can see that the proposed model provides a systematic view to optimize the required capacity via the push-pull mechanism, and can produce better capacity plans than the actual practice.
Sensitivity analysis
We now examine the sensitivity of the model's performance measures to changes to the appointment lead-time targets, to the restriction on RV's mean appointment lead-time, and to the discharge rates. We define in Table 4 our terminology conventions for displaying and discussing the findings.
Table 4 Definition of signs
No.
Sign Descriptions 1 -A negative correlation between the lead-time target, under a specific lead-time target category, and the measurement. We conducted a sensitivity analysis to understand how the maximum required capacity, the mean required capacity, the FV's mean appointment lead-time, and the RV's mean appointment lead-time are affected by changes to the appointment lead-time targets, the discharge rates, and the restriction of RV's mean appointment lead-time.
Sensitivity to changes of the appointment lead-times
-The maximum required capacity is negatively correlated with the appointment leadtime targets, the discharge rates, and the restriction of RV's mean appointment leadtime. However, this is not always true for the mean required capacity measure.
-The FV's mean appointment lead-time is positively correlated with the FV's appointment lead-time targets. However, the RV's mean appointment lead-time generally increases with increases in the restriction on the RV's mean appointment lead-time, until the latter becomes very large.
-Changing the discharge rates does not have much impact on the determination of the FV patient's appointment. 
